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Abstract
In this paper we prove the following: let (t) be a continuous function, increasing in [0,∞)
and (+0) = 0. Then there exists a series of the form
∞∑
k=−∞
Cke
ikx with
∞∑
k=−∞
C2k(|Ck |)<∞, C−k = Ck
with the following property: for each ε > 0 a weighted function (x), 0< (x)1, |{x ∈ [0, 2] :
(x) = 1}|<ε can be constructed, so that the series is universal in the weighted space L1[0, 2]
with respect to rearrangements.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction
In 1932, Riesz (see [1, p. 655]) proved that there exists a function f0(x) ∈ L1[0, 2]
so that its Fourier series with respect to the trigonometric system does not converge
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in L1[0, 2]. Consequently, there exist functions in the space L1[0, 2] that cannot be
represented by trigonometric series in the metric of L1.
Let (x) be a measurable on [0, 2] function with 0 < (x)1, x ∈ [0, 2] and let
L1[0, 2] be a space of real measurable functions f (x), x ∈ [0, 2] with
∫ 2
0
|f (x)|(x) dx < ∞.
Kazarian and Zink [5] proved that there exist a weighted space L1[0, 2], such that
for every function f (x) in the space L1[0, 2] one can ﬁnd a trigonometric series∑∞
k=−∞ Ckeikx that converges to f (x) in the metric of L1[0, 2].
Moreover using other construction of weighted function (x) Grigorian proved the
following result [4].
Theorem 1. There exists a trigonometric series of the form
∞∑
k=−∞
Cke
ikx with
∞∑
k=−∞
|Ck|q < ∞ ∀q > 2 C−k = Ck (1.1)
with the following property: such that for any number  > 0 a weighted function (x),
0 < (x)1, |{x ∈ [0, 2] : (x) = 1}| <  can be constructed, so that series (1.1) is
universal in L1[0, 2] with respect to subseries (see Deﬁnition 3).
Now we present the deﬁnitions of universal series.
Deﬁnition 1. A functional series
∞∑
k=1
fk(x), fk(x) ∈ L1[0, 2] (1.2)
is said to be universal in weighted spaces L1[0, 2] with respect to rearrangements, if
for any function f (x) ∈ L1[0, 2] the members of (1.2) can be rearranged so that the
obtained series
∞∑
k=1
f(k)(x) converges to the function f (x) in the metric L1[0, 2],
i.e.
lim
n→∞
∫ 2
0
∣∣∣∣∣
n∑
k=1
f(k)(x) − f (x)
∣∣∣∣∣ · (x) dx = 0.
Deﬁnition 2. Series (1.2) is said to be universal in weighted spaces L1[0, 2] in the
usual sense, if for any function f (x) ∈ L1[0, 2] there exists a growing sequence of
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natural numbers nk such that the sequence of partial sums with numbers nk of series
(1.2) converges to the function f (x) in the metric L1[0, 2].
Deﬁnition 3. Series (1.2) is said to be universal in weighted spaces L1[0, 2] concern-
ing subseries, if for any function f (x) ∈ L1[0, 2] it is possible to choose a partial
series
∞∑
k=1
fnk (x) from (1.2), which converges to the f (x) in the metric L1[0, 2].
The above-mentioned deﬁnitions are given not in the most general form and only in
the generality, in which they will be applied in the present paper.
In this paper we consider a question on existence of series by trigonometric system
universal in weighted L1[0, 2] spaces with respect to rearrangements.
Note, that many papers are devoted (see [2–4,6–10]) to the question on existence of
various types of universal series in the sense of convergence almost everywhere and
on a measure.
Here we will give those results which directly concern to the theorems, proved in
this paper.
The ﬁrst usual universal in the sense of convergence almost everywhere trigonometric
series were constructed by Menshov [7] and Kozlov [6].
The series of the form
1
2
+
∞∑
k=1
ak cos kx + bk sin kx (1.3)
was constructed just by them such that for any measurable on [0, 2] function f (x)
there exists the growing sequence of natural numbers nk such that series (1.3) having
the sequence of partial sums with numbers nk converges to f (x) almost everywhere
on [0, 2].
Note here, that in this result, when f (x) ∈ L1[0,2], it is impossible to replace
convergence almost everywhere by convergence in the metric L1[0,2].
This result was distributed by Talalian on arbitrary orthonormal complete systems
(see [9]). He also established (see [10]), that if {n(x)}∞n=1—the normalized basis of
space Lp[0,1], p > 1, then there exists a series of the form
∞∑
k=1
akk(x), ak → 0 (1.4)
which has property: for any measurable function f (x) the members of series (1.4)
can be rearranged so that the received series again converge on a measure on [0,1] to
f (x).
Orlicz [8] observed the fact that there exist functional series that are universal with
respect to rearrangements in the sense of a.e. convergence in the class of a.e. ﬁnite
measurable functions.
172 S.A. Episkoposian / Journal of Functional Analysis 230 (2006) 169–183
It is also useful to note that even Riemann proved that every convergent numerical
series which is not absolutely convergent is universal with respect to rearrangements
in the class of all real numbers.
In [3], the following result is proved.
Theorem 2. Let {k}∞k=0 be a sequence of positive numbers with lim
k→∞ k = 0. There
exists a trigonometric series of the form
∞∑
k=−∞
Cke
ikx with
∞∑
k=−∞
|Ck| |k| < ∞, C−k = Ck (1.5)
with the following property: such that for any number  > 0 a weighted function (x),
0 < (x)1, |{x ∈ [0, 2] : (x) = 1}| <  can be constructed, so that series (1.5) is
universal in L1[0, 2] with respect to rearrangements (in the usual sense).
In this paper we prove the following results.
Theorem 3. Let (t) be a continuous function, increasing in [0,∞) and (+0) = 0.
Then there exists a series of the form
∞∑
k=−∞
Cke
ikx with
∞∑
k=−∞
C2k(|Ck|) < ∞, C−k = Ck (1.6)
with the following property: for each ε > 0 a weighted function (x), 0 < (x)1,
|{x ∈ [0, 2] : (x) = 1}| < ε can be constructed, so that series (1.6) is universal in
the weighted space L1[0, 2] with respect to rearrangements.
Analogous of this theorem, Walsh system was proved by author in [2].
Remark. Using the proofs of Theorem 3 we can construct the series of form (1.6)
which are universal in the weighted space L1[0, 2] with respect to simultaneous
rearrangements as well as to subseries.
2. Basic lemma
Lemma. Let (t) be a continuous function, increasing in [0,∞) and (+0) = 0.
Then for any given numbers 0 < ε < 12 , N0 > 2 and a step function
f (x) =
q∑
s=1
s · 	s (x), (2.1)
S.A. Episkoposian / Journal of Functional Analysis 230 (2006) 169–183 173
where s is an interval of the form (i)m =
[
i−1
2m ,
i
2m
]
, 1 i2m, there exists a mea-
surable set E ⊂ [0, 2] and a polynomial P(x) of the form
P(x) =
∑
N0 |k|<N
Cke
ikx
which satisfy the conditions:
(1) |E| > 2 (1 − ε) ,
(2)
∫
E
|P(x) − f (x)| dx < ε,
(3)
∑
N0 |k|<N
|Ck|2 · (|Ck|) < ε, C−k = Ck,
(4) max
N0m<N
⎡
⎣∫
e
∣∣∣∣∣∣
∑
N0 |k|m
Cke
ikx
∣∣∣∣∣∣ dx
⎤
⎦ < ε + ∫
e
|f (x)| dx,
for every measurable subset e of E.
Proof of lemma. Let 0 <  < 12 be an arbitrary number. For any positive number

 with

 <
2
4
·
[∫ 2
0
f 2(x) dx
]−1
(2.2)
by deﬁnition of function (t), there exists a positive number  <  so that for any t,
0 < t <  we have
(t) < () < 
. (2.3)
Without restriction of generality, we assume that
max
1 sq
[√
2 · 4

|s | ·
√|s |
]
< min
{ 
2
, 
}
, s = 1, 2, . . . , q. (2.4)
Set
g(x) =
⎧⎨
⎩
1 if x ∈ [0, 2] \ [ ε·2 , 3ε·2 ] ,
1 − 2
ε
if x ∈ [ ε·2 , 3ε·2 ] (2.5)
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we choose natural numbers 1 and N1 so large that the following inequalities are
satisﬁed:
1
2
∣∣∣∣
∫ 2
0
g1(t)e
−ikt dt
∣∣∣∣ < ε16 · √N0 , |k| < N0, (2.6)
where
g1(x) = 1 · g(1 · x) · 	1(x). (2.7)
(By 	E(x) we denote the characteristic function of the set E.)
We put
E1 = {x ∈ 1 : g1(x) = 1}. (2.8)
By (2.5), (2.7) and (2.8) we have
|E1| > 2 · (1 − ) · |1|, g1(x) = 0, x /∈ 1, (2.9)
∫ 2
0
g21(x) dx <
2

· |1|2 · |1|. (2.10)
Since the trigonometric system {eikx}∞k=−∞ is complete in L2[0, 2], we can choose
a natural number N1 > N0 so large that
∫ 2
0
∣∣∣∣∣∣
∑
0 |k|<N1
C
(1)
k e
ikx − g1(x)
∣∣∣∣∣∣ dx
ε
8
, (2.11)
where
C
(1)
k =
1
2
∫ 2
0
g1(t)e
−ikt dt.
Hence by (2.6) and (2.7) we obtain
∫ 2
0
∣∣∣∣∣∣
∑
N0 |k|<N1
C
(1)
k e
ikx − g1(x)
∣∣∣∣∣∣ dx
ε
8
+
⎡
⎣ ∑
0 |k|<N0
|C(1)k |2
⎤
⎦
1
2
<
ε
4
.
Now assume that the numbers 1 < 2 < · · · < s−1, N1 < N2 < · · · < Ns−1,
functions g1(x), g2(x), . . . , gs−1(x) and the sets E1, E2, . . . , Es−1 are deﬁned.
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We take sufﬁciently large natural numbers s > s−1 and Ns > Ns−1 to satisfy
1
2
∣∣∣∣
∫ 2
0
gs(t)e
−ikt dt
∣∣∣∣ < ε16 · √Ns−1 , 1sq, |k| < Ns−1, (2.12)
∫ 2
0
∣∣∣∣∣∣
∑
0 |k|<Ns
C
(s)
k e
ikx − gs(x)
∣∣∣∣∣∣ dx
ε
2s+2
, (2.13)
where
gs(x) = s · g(s · x) · 	s (x), C(s)k =
1
2
∫ 2
0
gs(t)e
−ikt dt. (2.14)
Set
Es = {x ∈ s : gs(x) = s}. (2.15)
Using the above arguments (see (2.9)–(2.11)), we conclude that the function gs(x)
and the set Es satisfy the conditions:
|Es | > 2 · (1 − ) · |s |, gs(x) = 0, x /∈ s , (2.16)
∫ 2
0
g2s (x) dx <
2

· |s |2 · |s |, (2.17)
∫ 2
0
∣∣∣∣∣∣
∑
Ns−1 |k|<Ns
C
(s)
k e
ikx − gs(x)
∣∣∣∣∣∣ dx <
ε
2s+1
. (2.18)
Thus, by induction we can deﬁne natural numbers 1 < 2 < · · · < q , N1 <
N2 < · · · < Nq , functions g1(x), g2(x), . . . , gq(x) and sets E1, E2, . . . , Eq such that
conditions (2.16)–(2.18) are satisﬁed for all s, 1sq.
We deﬁne a set E and a polynomial P(x) as follows:
E =
q⋃
s=1
Es, (2.19)
P (x) =
∑
N0 |k|<N
Cke
ikx =
q∑
s=1
⎡
⎣ ∑
Ns−1 |k|<Ns
C
(s)
k e
ikx
⎤
⎦ , (2.20)
176 S.A. Episkoposian / Journal of Functional Analysis 230 (2006) 169–183
where
Ck = C(s)k for Ns−1 |k| < Ns, s = 1, 2, . . . , q, C−k = Ck, N = Nq − 1.
(2.21)
By Bessel’s inequality and (2.5), (2.14) for all s ∈ [1, q] we obtain
⎡
⎣ ∑
Ns−1 |k|<Ns
|C(s)k |2
⎤
⎦
1
2

[∫ 2
0
g2s (x) dx
] 12
 2√
ε
· |s | ·
√|s |, s = 1, 2, . . . , q. (2.22)
From (2.5), (2.14) and (2.15) it follows that
|E| > 2 (1 − ε) .
Taking relations (2.1), (2.5), (2.14), (2.18)–(2.21) we obtain
∫
E
|P(x) − f (x)| dx
q∑
s=1
⎡
⎣∫
E
∣∣∣∣∣∣
∑
Ns−1 |k|<Ns
C
(s)
k e
ikx − gs(x)
∣∣∣∣∣∣ dx
⎤
⎦ < ε.
By (2.4), (2.21) and (2.22) for any k ∈ [N0, N ] we have
|Ck| max
1 sq
[
2√

· |s | ·
√|s |
]
< .
From this and (2.3) we obtain
(|Ck|) < () < 
 ∀k ∈ [N0, N ].
Hence by (2.1), (2.2), (2.4) and (2.22) we obtain
∑
N0 |k|<N
|Ck|2 · (|Ck|) < 
 ·
q∑
s=1
⎡
⎣ ∑
Ns−1 |k|<Ns
|C(s)k |2
⎤
⎦
< 
 · 4

·
[∫ 2
0
f 2(x) dx
]
< .
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That is, statements (1)–(3) of the lemma are satisﬁed. Now we will check the ful-
ﬁllment of statement (4) of the lemma.
Let N0m < N , then for some s0, 1s0q,
(
Ns0m < Ns0+1
)
we will have (see
(2.20) and (2.21))
∑
N0 |k|m
Cke
ikx =
s0∑
s=1
⎡
⎣ ∑
Ns−1 |k|<Ns
C
(s)
k e
ikx
⎤
⎦+ ∑
Ns0−1 |k|m
C
(s0+1)
k e
ikx.
Hence and from (2.1), (2.4), (2.5), (2.18) and (2.22) for any measurable set e ⊂ E
we obtain
∫
e
∣∣∣∣∣∣
∑
N0 |k|m
Cke
ikx
∣∣∣∣∣∣ dx

s0∑
s=1
⎡
⎣∫
e
∣∣∣∣∣∣
∑
Ns−1 |k|<Ns
C
(s)
k e
ikx − gs(x)
∣∣∣∣∣∣ dx
⎤
⎦
+
s0∑
s=1
∫
e
|gs(x)| dx +
∫
e
∣∣∣∣∣∣
∑
Ns0−1 |k|m
C
(s0+1)
k e
ikx
∣∣∣∣∣∣ dx
<
s0∑
s=1
ε
2s+1
+
∫
e
|f (x)| dx + √2 · 2√
ε
· |s0+1| ·
√|s0+1|
<
∫
e
|f (x)| dx + ε.
Lemma is proved. 
3. Proof of Theorem 3
Let (t) be a continuous function, increasing in [0,∞) and (+0) = 0 and let
{fn(x)}∞n=1, x ∈ [0, 2] (3.1)
be a sequence of all step functions, values and constancy interval endpoints of which are
rational numbers. Applying the lemma consecutively, we can ﬁnd a sequence {Es}∞s=1
of sets and a sequence of polynomials
Ps(x) =
∑
Ns−1 |k|<Ns
C
(s)
k e
ikx, (3.2)
1 = N0 < N1 < · · · < Ns < · · · , s = 1, 2, . . . ,
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which satisfy the conditions:
∫
Es
|Ps(x) − fs(x)| dx < 2−2(s+1), (3.3)
|Es | > 2 − 2−2(s+1), Es ⊂ [0, 2], (3.4)
∑
Ns−1 |k|<Ns
∣∣∣C(s)k ∣∣∣2 · (|C(s)k |) < 2−2s , C(s)−k = C(s)k , (3.5)
max
Ns−1p<Ns
⎡
⎣∫
e
∣∣∣∣∣∣
∑
Ns−1 |k|<p
eikx
∣∣∣∣∣∣ dx
⎤
⎦ < 2−2(s+1) + ∫
e
|fs(x)| dx (3.6)
for every measurable subset e of Es .
Denote
∞∑
k=−∞
Cke
ikx =
∞∑
s=1
⎡
⎣ ∑
Ns−1 |k|<Ns
C
(s)
k e
ikx
⎤
⎦ , (3.7)
where Ck = C(s)k for Ns−1 |k| < Ns , s = 1, 2, . . . .
Let ε be an arbitrary positive number. Setting
n =
∞⋂
s=n
Es, n = 1, 2, . . . ,
E = n0 =
∞⋂
s=n0
Es, n0 = [log1/2 ε] + 1,
B =
∞⋃
n=n0
n = n0
⋃⎛⎝ ∞⋃
n=n0+1
n \ n−1
⎞
⎠ . (3.8)
It is clear (see (3.4)) that |B| = 2 and |E| > 2 − ε.
We deﬁne a function (x) in the following way:
(x) =
{
1 for x ∈ E ∪ ([0, 2] \ B),
n for x ∈ n \ n−1, nn0 + 1, (3.9)
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where
n =
[
22n ·
n∏
s=1
hs
]−1
,
hs = ||fs(x)||C + max
Ns−1p<Ns
∥∥∥∥∥∥
∑
Ns−1 |k|<p
C
(s)
k e
ikx
∥∥∥∥∥∥
C
+ 1, (3.10)
where
||g(x)||C = max
x∈[0,2] |g(x)|,
g(x) is a continuous function on [0, 2].
From (3.5), (3.7)–(3.10) we obtain
(A) (x) is a measurable function and
0 < (x)1, |{x ∈ [0, 2] : (x) = 1}| < ε.
(B)
∞∑
k=1
|Ck|2 · (|Ck|) < ∞.
Hence, obviously we have
lim
k→∞ Ck = 0. (3.11)
It follows from (3.8) to (3.10) that for all sn0 and p ∈
[
Ns−1, Ns)
∫
[0,2]\s
∣∣∣∣∣∣
∑
Ns−1 |k|<p
C
(s)
k e
ikx
∣∣∣∣∣∣ (x) dx
=
∞∑
n=s+1
⎡
⎣∫
n\n−1
∣∣∣∣∣∣
∑
Ns−1 |k|<p
C
(s)
k e
ikx
∣∣∣∣∣∣ n dx
⎤
⎦

∞∑
n=s+1
2−2n
⎡
⎣∫ 2
0
∣∣∣∣∣∣
∑
Ns−1 |k|<p
C
(s)
k e
ikx
∣∣∣∣∣∣h−1s dx
⎤
⎦ < 1
3
2−2s . (3.12)
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By (3.3), (3.8)–(3.10) for all sn0 we have
∫ 2
0
|Ps(x) − fs(x)| (x) dx =
∫
s
|Ps(x) − fs(x)| (x) dx
+
∫
[0,2]\s
|Ps(x) − fs(x)| (x) dx = 2−2(s+1)
+
∞∑
n=s+1
[∫
n\n−1
|Ps(x) − fs(x)| n dx
]
2−2(s+1)

∞∑
n=s+1
2−2s
⎡
⎣∫ 2
0
⎛
⎝|fs(x)| +
∣∣∣∣∣∣
∑
Ns−1 |k|<Ns
× C(s)k eikx
∣∣∣∣∣∣
⎞
⎠h−1s dx
⎤
⎦
< 2−2(s+1) + 1
3
2−2s < 2−2s . (3.13)
Taking relations (3.6), (3.8)–(3.10) and (3.12) into account we obtain that for all
p ∈ [Ns−1, Ns) and sn0 + 1
∫ 2
0
∣∣∣∣∣∣
∑
Ns−1 |k|<p
C
(s)
k e
ikx
∣∣∣∣∣∣ (x) dx
=
∫
s
∣∣∣∣∣∣
∑
Ns−1 |k|<p
C
(s)
k e
ikx
∣∣∣∣∣∣ (x) dx
+
∫
[0,2]\s
∣∣∣∣∣∣
∑
Ns−1 |k|<p
C
(s)
k e
ikx
∣∣∣∣∣∣ (x) dx
<
s∑
n=n0+1
⎡
⎣∫
n\n−1
∣∣∣∣∣∣
∑
Ns−1 |k|<p
C
(s)
k e
ikx
∣∣∣∣∣∣ dx
⎤
⎦ · n + 132−2s
<
s∑
n=n0+1
(
2−2(s+1) +
∫
n\n−1
|fs(x)| dx
)
n +
1
3
2−2s
= 2−2(s+1) ·
s∑
n=n0+1
n +
∫
s
|fs(x)|(x) dx + 132
−2s
<
∫ 2
0
|fs(x)|(x) dx + 2−2s . (3.14)
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Let f (x) ∈ L1[0, 2] , i.e.
∫ 2
0 |f (x)|(x) dx < ∞.
It is easy to see that we can choose a function f1(x) from sequence (3.1) such that
∫ 2
0
∣∣f (x) − f1(x)∣∣ (x) dx < 2−2, 1 > n0 + 1. (3.15)
Hence, we have
∫ 2
0
∣∣f1(x)∣∣ (x) dx < 2−2 +
∫ 2
0
|f (x)|(x) dx. (3.16)
From (2.1), (A), (3.13) and (3.15) we obtain with m1 = 1
∫ 2
0
∣∣f (x) − [P1(x) + Cm1eim1x]∣∣ (x) dx

∫ 2
0
∣∣f (x) − f1(x)∣∣ (x) dx
+
∫ 2
0
∣∣f1(x) − P1(x)∣∣ (x) dx
+
∫ 2
0
∣∣Cm1eim1x∣∣ (x) dx < 2 · 2−2 + 2 · ∣∣Cm1 ∣∣ . (3.17)
Assume that numbers 1 < 2 < · · · < q−1; m1 < m2 < · · · < mq−1 are chosen in
such a way that the following condition is satisﬁed:
∫ 2
0
∣∣∣∣∣∣f (x) −
j∑
s=1
[
Ps (x) + Cms eimsx
]∣∣∣∣∣∣ (x) dx
< 2 · 2−2j + 2 · ∣∣Cmj ∣∣ , 1jq − 1. (3.18)
We choose a function fq (x) from sequence (3.1) such that
∫ 2
0
∣∣∣∣∣∣
⎛
⎝f (x) − q−1∑
s=1
[
Ps (x) + Cms eimsx
]⎞⎠− fq (x)
∣∣∣∣∣∣ (x) dx < 2−2q, (3.19)
where q > q−1; q > mq−1.
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This with (3.18) imply
∫ 2
0
∣∣fq (x)∣∣ (x) dx < 2−2q + 2 · 2−2(q−1) + 2 · ∣∣Cmq−1 ∣∣
= 9 · 2−2q + 2 · ∣∣Cmq−1 ∣∣ . (3.20)
By (3.13), (3.14) and (3.20) we obtain
∫ 2
0
∣∣fq (x) − Pq (x)∣∣ (x) dx < 2−2q , (3.21)
Pq (x) =
∑
Nq−1 |k|<Nq
C
(q )
k e
ikx,
max
Nq−1p<Nq
∫ 2
0
∣∣∣∣∣∣
p∑
k=Nq−1
C
(q )
k e
ikx
∣∣∣∣∣∣ (x) dx < 10 · 2−2q + 2 ·
∣∣Cmq−1 ∣∣ . (3.22)
Denote
mq = min
{
n ∈ N : n /∈
{{
{k}Ns −1k=Ns−1
}q
s=1 ∪ {ms}
q−1
s=1
}}
. (3.23)
From (2.1), (A), (3.19) and (3.21) we have
∫ 2
0
∣∣∣∣∣f (x) −
q∑
s=1
[
Ps (x) + Cms eimsx
]∣∣∣∣∣ (x) dx

∫ 2
0
∣∣∣∣∣∣
⎛
⎝f (x) − q−1∑
s=1
[
Ps (x) + Cms eimsx
]⎞⎠− fq (x)
∣∣∣∣∣∣ (x) dx
+
∫ 2
0
∣∣fq (x) − Pq (x)∣∣ (x) dx
+
∫ 2
0
∣∣Cmq eimqx∣∣ (x) dx < 2 · 2−2q + 2 · ∣∣Cmq ∣∣ . (3.24)
Thus, by induction we on q can choose from series (3.7) a sequence of members
Cmq e
imqx , q = 1, 2, . . .
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and a sequence of polynomials
Pq (x) =
∑
Nq−1 |k|<Nq
C
(q )
k e
ikx, Nnq−1 > Nnq−1 , q = 1, 2, . . . (3.25)
such that conditions (3.22)–(3.24) are satisﬁed for all q1.
Taking account the choice of Pq (x) and Cmq eimqx (see (3.23) and (3.25)) we con-
clude that the series
∞∑
q=1
⎡
⎣ ∑
Nq−1 |k|<Nq
C
(q )
k e
ikx + Cmq eiqx
⎤
⎦
is obtained from series (3.7) by rearrangement of members. Denote this series by∑
C(k)e
i(k)x .
It follows from (3.11), (3.22) and (3.24) that the series ∑C(k)ei(k)x converges to
the function f (x) in the metric L1[0, 2], i.e. series (3.7) is universal with respect to
rearrangements (see Deﬁnition 1).
This completes the proof of Theorem 3. 
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